We shall investigate the energy decay of the solutions to the following Cauchy problem for a degenerate hyperbolic equation :
§1. Introduction
We shall investigate the energy decay of the solutions to the following Cauchy problem for a degenerate hyperbolic equation : (1) w tt (OIIFii(OII  2 +m  2 ||n(OII  2 } to the solution of (l)- (2) as t-*°°9 where ||«|| denotes the usual L 2 (R") norm.
Energy decay problem in the whole space for the wave equation with a dissipative term has been considered by many authors (Matsumura [2] , Mochizuki [3] , Mochizuki-Nakazawa [4] , Rauch-Taylor [5] , etc.). But it seems to be very few results for the case of general hyperbolic equations as (1) .
If a (0 = 1 and b (0 ^0, the total energy E(u (0) is conserved, that is, E(u (0) =/?(«(())) for any t, and it is possible that the energy decays when b>0. Indeed, it is well-known that the energy decays in exponential order if inf r {b (0) >0 and m >0 (see [5] ), and decays like OO" 1 ) as t^oo if there are positive constants b Q and b l such that 6 0 (1 +0" 1 <6(0<6i, 6 7 (0^0 and m=0 (see [3] ; [2] and [4] have gone into more particulars). However, if a(fi^const. 9 the energy does not always decay in spite of the existence of the dissipation, because a (0 may play a part in the growth of the energy when a'(0 >0. Indeed, according to Reissig-Yagdjian [6] , there exists a (r) EEC^CCO, oo)) such that the total energy cannot be bounded for any function of 0(e°9 with a< 1. Thus, it seems that the behavior of the energy for the general hyperbolic equation is more complicate than that for the wave equation. Furthermore, we shall consider the case that a(f) has zero points. When a(t} vanishes at a point, in general, (1) is not If 00 well-posed in any neighborhood of the vanishing point. However, if the initial data is sufficiently regular, the Cauchy problem (l)- (2) is well-posed in the Gevrey class of order 3/2 since a (0 ^C 1 (see [1] ). Hence we can consider a classical solution of (l)-(2) and its energy for the initial data in the Gevrey class. §2. Preliminaries and Results
In this section we mention our main theorems. In the first theorem is treated the case that (1) is strictly hyperbolic, that is, a(0 is strictly positive. In the second one, we consider the case that (1) The proofs of our theorems are based on a well-known method to obtain the exponential order energy decay to the dissipative wave equation of Klein-Gordon type, which is introduced in Zuazua [7] , for instance.
Let us consider the case that a (0 = 1 and that u (f , ;c) is real valued. Let a be a positive constant satisfying m >a and define E( a )(w(0) by
where (% e ) denotes the usual L 2 (R") inner product.
Differentiating E( a )(i/(0) with respect to t, using the equation (1) and applying Schwarz' inequality (1), we have where a is a positive constant satisfying -f^y->a. Now, we choose a satisfying 6(0 Then, there exists a positive constant p such that
hence we obtain Recalling the definition of E^ (u (0) and applying Schwarz' inequality, there exists a positive constant C a such that we have from the above inequality for any f£ [0, oo).
Thus, choosing a > 0 suitably, we obtain the energy decay of exponential order to the Cauchy problem (l)- (2) with a (0 = 1.
Here we note the method above cannot be applied in case that a (0 is not constant, but considering the choice of constant a, it is possible to prove the exponential order decay to the solution of a general hyperbolic equation like (1) We can easily see the following inequalities 26(0 ~~ OL-/?>(), 0(6 0 , «o, y3o) > 0, 0(6i , a 0 ,£o) =0 and 5^0(^1 , a,/3) = -2(6i-0) (m 2 -a 2 ) <0 for any a<a 0 and fi</3 0 . Here, noting that 0(6, a, £) is quadratic and convex with respect to 6, hence we have 0(6(0, «, /?) >min{0(6 0 , a, ^8), 0(6i, a, £)}. Therefore, by the continuity of 0(6, a, yS) with respect to a and £, we can take a<b and /3<6 such that When fl(0 degenerates at f=^o, the usual hyperbolic energy E(w(0) in general cannot be bounded by l?(ii(0)) in any neighborhood of f=f 0 , so we shall introduce the infinity order energy.
Let {TIC} and {r^} be sequences of non-negative real numbers satisfying ri-i< T k <t k <tk<Tk for any fc(if fi = 0, we put Ti=fi).
Let If 0'(f/) =0 and fl'(0 ^0 near t<ti, or a'(f/) =0 and a(t) ^0 near t>t\, we can also take r/ and x\ satisfying (17) and (18) Thus, there exists a positive constant C$ independent of t, we have the following decay estimate of £ (w(0; Now, we shall conclude the proof of Theorem 2.2 from the decay estimate (19).
We introduce the following lemma. for any t>Q and p<p Q =l -r~l. Moreover, we can take r>l arbitrary and the decay estimate above holds for any p < 1 . 
